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SYSTEMS OF CONTINUOUS AND DISCONTINUOUS 
SIMPLE GROUPS. 
BY DR. LEONARD E. DICKSON. 
(Read at the April Meeting of the Society, 1897. ) 
§1. 
Known systems of discontinuous simple groups. 
The following list gives the orders ot the systems of dis- 


continuous simple groups which have thus far been deter- 
mined. Here p= prime, m and n = integers. 


(1) Pp 
(2) (n>4) 

dp" —1) 


(m,n, p) + (2, 1, 2) or (2, 1, 3); dis the greatest.common 
divisor of m and p" —1. 


(4) (p"™"—1) (prem) —1) (p"—1) p” 
(for p > 2) 
— 1) — 1) 2" (m> 2). 
(5) (2” —1)-(2"" 1) — 1) Q2m—4 (2 —1)2’ 
(m>-2). 

(6) (2" + 1) - (2? — --- (m>2). 

The two triply-infinite systems (3) and (4) were ob- 
tained* by generalizing to the Galois Field of order p" the 
two doubly-infinite systems set up by Jordan.j The sys- 
tem (3) is obtained in the decomposition of the general 
linear homogeneous group on m indices, in whose substitu- 
tions both indices and coefficients are “‘ marks” of the Ga- 
lois Field of order p*. Concretely, (3) is the group of 


*3. L. E. Dickson. ‘‘ The analytic representation of substitutions 
on & power of a prime number of letters, with a discussion of the linear 
group.—Annals of Mathematics, 1897. 

4. L. E. Dickson. A triply-infinite system of simple groups.—Quar- 
terly Journal of Mathematics, vol. 29, 1897. 

These results were announced in a paper read before the AMERICAN 
MATHEMATICAL SOCIETY at Buffalo, August 31, 1896. 


t Traité des Substitutions, p. 106 and pp. 176, 178. 


= 
= 
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linear fractional substitutions of determinant unity on m—1 
indices. The system (4) is obtained in the decomposition 
of the Abelian group on 2m indices ; viz, that subgroup of 
the general linear homogeneous group on 2 m indices (in 
which both coefficients and indices are marks of the Galois 
Field of order p"), every substitution of which if operating 
simultaneously on two such sets of 2m indices 


Po % (i=1--m) 
multiplies the function 


= 


by a constant factor. 

The systems (3) and (4) have in common the doubly- 
infinite system (viz, (3) for m = 2 and (4) form=1) set 
up first by Professor E. H. Moore* and a few months later 
by Professor W. Burnside { as a generalization of the well 
known modular group of order 


sp(p’—1), (p>8). 


The system (5) is due to Jordan, ibid, p. 205. It is ob- 
tained in the decomposition of the First-Hypoabelian group. 
For the sake of comparison I have changed the form of the 
expression giving its order, viz: 


(P,—1)2"° (Pi. — 1) (P,—1) 2? (m>2) 
where 


The system (6) is obtained in the decomposition of the 
Second-Hypoabelian group. The order of the latter is given 
incorrectly in Jordan, ibid, p. 207, as equal to the order of 
the First-Hypoabelian group. The number of solutions of 
the congruence (42), p. 207,is P, and not 2"— P_; the 
reference in § 282 should be to § 259 and not to § 260. I 
have not seen the simple groups (6) given explicitly any- 
where. 

Recently{ I have succeeded in generalizing the system 
(5) to a doubly infinite system, the expression for the or- 
der being rather complicated. The Second-Hypoabelian 


* Abstract in the BULLETIN OF THE MATHEMATICAL SoctEtTy, De- 
cember, 1893 ; complete in the Mathematical Papers of the Chicago Con- 


gress. 

t “‘On a Class of Groups defined by Congruences,’’ Proceedings of the 
London Mathematical Society, vol. 25, pp. 113-139, February, 1894. 

t “‘ The First-Hypoabelian group generalized,’’ offered April 1st to 
the Quarterly Journal of Mathematics. 
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group presents serious difficulties to generalization, as the 
conditions defining it (Jordan, § 277) do not lead to a 
group at all in the G F[p"], n>1. 


§ 2. 
Systems of finite continuous transformation groups which are 
simple.* 

Through the work of Killing}, which has been carried out 
with more rigor by Cartan,f we know that all continuous 
finite simple transformation groups, aside from five isolated 
ones, belong to one of the four systems set up by Sophus 
Lie, each of such fundamental importance in geometry and 
analysis : 

(a) The groups with /(1+ 2) parameters, isomorphic 
( = gleichzusammengesetzt) with the general projective 
group of R, (= space of | dimensions). 

(b,) The groups with 1(21+ 1) parameters, isomorphic 
with the general projective group of a non-degenerate sur- 
face of the second order in R,, and hence also with the 
largest group of conform transformations in R,,_,. 

(b,) The groups with /(21— 1) parameters, isomorphic 
with the general projective group of a non-degenerate sur- 
face of the second order in R,_,. (Here must / > 2.) 

The groups with /(21+ 1) parameters, isomorphic 
with the general projective group of a linear complex in 


The five isolated simple groups not falling in these four 
classes contain respectively 14, 52, 78, 133 and 248 param- 
eters and exist as point-transformation groups in respec- 
tively 5, 15, 16, 27 and 57 variables (but no fewer) ; how- 
ever, as Beruhrungstransformation groups in’ fewer vari- 
ables. 

§3. 


Elementary deduction of the groups (c) and proof of their 
simplicity. 

The following elementary proof had its origin in an at- 

tempt to carry over into Lie’s continuous group theory the 


* Professor LIE has determined four classes of infinite transformation 
groups which are simple ; e. g., all transformations of space of n dimen- 
sions ; again, all Berithrungstransformationen. 

+ WILHELM KILLING, ‘“‘ Die Z tzung der stetigen endlichen 
=e Math. Ann., vols. 31, 33, 34, 36 (particularly 
vol. 33). 

t Evie CARTAN, ‘‘ Ueber die einfachen Transformationsgruppen,”’’ 
Leipziger Berichte, pp. 393-420, 1893; ‘‘Sur la structure des groupes 
simples finis et .continus,’? Comptes Rendus, vol. 116, p. 784 (17 Apr., 
1893) and p. 962 ; also Thése, Paris, Nony., 1894. 


= 
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investigations of Jordan on Abelian groups (whose decom- 
position led to the system of simple groups (4) ). It is 
remarkable how much simpler and more elegant the problem 
becomes for continuous groups. That the simple groups 
thus obtained are identical with the groups (c) is proved 
below. 

Of the transformations of the general linear homogeneous 
group on 2n variables, we consider those which, when oper- 
ating simultaneously on two independent sets of variables 


(= 1,2,--n) 


leave invariant the function 
Let G denote the sub-group of the linear homogeneous 
group thus defined and S an arbitrary transformation of G; 
viz.: 


(OP 2, +d} y,) 
The conditions that S shall leave ¢ invariant are: 
(v (vy) — — (v (v) — 
= (a = 1, = (a = 0, 


v=1 


(a) — (ele) dy) — d&) = 0, 


y=1 y=1 


(4,A4=1--n, A), 


altogether 


n+n(n—1)+ 


= n(22—1) 


n(n —1) 
3 


conditions. 
Now S reduces to the identity if 
a®=1,d°9=1, (i,j=1--n, 
Hence we reach the general infinitesimal transformation of 
G by writing 
a? =1 + af? ot , di? = 1 + dt , af? = af? dt, ete., 


| 
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and subjecting the af” , 4° , 7{? , 3{° to the conditions follow- 
ing from the above n (2-1); viz, 
+ =, a) + = 0 
pi) Bo =0, 7) 7”) = 
n, wed). 


The most general infinitesimal transformation of the group 
G is thus 


n 
é2,=2/ — == a; y;) 


n 
where = BP, (i, f= 1--n, itj). 


Putting in turn each of the 2n’ + n independent constants 
remaining equal 1 and all the others zero, we reach the 
2n’? + n linearly independent transformations of G: © 


y= ‘By, + (i,j =1--n, ij). 


The notation Q,, L,, etce., corresponds to that of Jordan, 
p. 174. 
We verify the following Klammerausdruck relations : 


(L, Q,) =2 L,; (L,Q,) =0; (L, Q)=N, 
(L,L/) == — Q 3 (L,B,)= — (L,N,)=0. 
(L/ Q,)= —2L/; (L! Q,)=—R,; Q)=0. 
(L/ N,)=Q,3 R,)=0. 

(R, Q,)= —R,; (Ry Q)= —2 (Ry 
(Ny Q) =; )=2 


Lemma: If an invariant subgroup H of @ contains the 
‘single infinitesimal transformation L, (i=fixed), it contains 
all the transformations of G. 

If H contains L,, it contains (j =1---n, 


| 
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since (L, Q,)= 
But (N, 2L, 
Hence H would contain every L, and N,,; hence also 
(L,R,) (s+?) (L; L,) Qi 
(Q,L/ )=2L/; (Q,L/) =8 
Theorem: The group G is simple. 
Suppose, indeed, an invariant subgroup H of G exists. 


Let it contain the infinitesimal transformation (not the 
identity), 


1...” n n 1...” 
Vy + = L} + = l, L, + R, + nN; N,;)s 
where, since R, = R,, N, = N, 


= 


we may take 
Ty ™ 
Then must H contain 


(L, T) = 294 + a Na — 
k being fixed and >’ indicating that i+ k. 
Similarly must H contain 
(LT) = — 29, — 3! Qa Ma Qe 
Hence (for s-+-k) H contains 
(L, (L,T))=—21/L,; (L, T))=—21,L, ; 
(L, (L, T))=—r,,N,,; T))=—n, R,,; 
(L,T)) = Que 
But (9,N,)=—2L,; 2.) =—2 L,. 


Since not every l,, Tas i8 zero, T not being the 
identity, we find that H contains certainly one L, and by 
the lemma the whole of G. 

It remains to prove that the simple group G in 2n varia- 
bles is the homogeneous form of the largest projective 
group in space of 2n — 1 dimensions (with the coordinates 
2, Yaa) leaving invariant the linear complex 
defined by the Pfaff’s equation : 


dz +5 (, dy, — y,dz,) = 0. 
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The n (2n + 1) infinitesimal transformations of the latter 
w—1 
group are,* if U= ter: 


47 7, 2,9, + 2%, 
(i,k =1--n—1) 
If we introduce} for the variables z, y,, z respectively 
Y,/ WO Teach the homogeneous group} (where 


the new transformations are written in the same order as 
the old above): 


— 2, and 2L/, 
Q,, and 2L,, N,, —Q,,, — L, 
(i,k=1--n—1; i--k in N, and R,). 
This group is evidently identical with our group G. By 


the same transformation the above Pfaff’s equation takes 
the homogeneous form (aside from the factor 1/z;): 


(z, dy, dz,) = 0. 


§4. 
Semi-simple linear homogeneous groups whose defining function§ 
is the sum of n determinants of order q> 2. 


Of the transformations of the general linear homogeneous 
group in qn variables, we consider those which, when op- 
erating simultaneously on q independent sets of n q vari- 
ables, the 7” set of which may be exhibited thus 


ai), aif, 22, (i=1--n), 
leave invariant the function 


n 
=>D,, 
| 


* Lig, Theorie der Transformationsgruppen, vol. II., p. 522. 

¢ The formulz for this change of variables are given in LIE, ibid, vol. 
I., p. 579. 

t For n =2, i. e., for 4 variables, this homogeneous form is given‘in 
LtE, ibid, vol. II., p 450. 

§ Discontinuous linear groups with the same defining function are 
mentioned (but not studied) by Jordan, l. c., p. 219. The result reached 
in this paragraph, where g > 2, is wholly different from that of 33, where 
q=2. 
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where D, denotes the determinant 
xy 9 Viz | 
i | | 


1 (9) ... 
| Vit Vig Lig 


Denote by G the groups of transformations thus defined and 
let S be an arbitrary transformation of G; viz, 


(t= 1--n; k=1--q). 


The conditions that S shall leave ¢ invariant are : 


il 
n i2 
(1) > | 1 (j=1, 2, =. n). 
i=1 
ig 
‘1 
(2) 
i=1 | git, ai? 
| 


for j, = 1---n; k, =1--- q, provided not all thej,’s are equal 
and no pair (ja ,ka ) = (Jus ku )- 

The general infinitesimal transformation of G is found by 
substituting in § 


ik ik > ik 
ak = 1 + aj - Ot, ay 


‘ ks=1--q 
-at(* 


The first set of conditions (1) on the a’s give at once 
(j=l--n). 
To prove that the second set (2) gives simply (for g > 2) 
1-0, 


consider first the conditions in which j, =j,=---=j, =j, 
say, and thus viz, 


il 


gil il il 
| git ait ait. --- | 
J dk) | 


For those determinants given by i+-j, the elements of 
the last —1 columns all have the factor d¢ and hence 


| 
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the determinants have the factor ét'-' and hence the factor 
é?. For the determinant i=, the elements of the first 
column have the factor é¢; likewise those of the /“row, if 1 
be the integer=q which is lacking among the numbers 
k,, k,,---k,, all different. The minor of aj, has the term 


ffs ay (1 + - (1 + afte - at) 


and but one such. Hence on expanding the determinant 
according to the elements of the first column, we get the 
term + a/, - 6¢ together with terms of higher order in 4t. 


Hence = 0. 


The remaining ones of the conditions (2) are then satis- 
fied identically. For unless i =j,, the elements of the s* 
column 

= = 0 (L=1-- Q). 


But 7 can not simultaneously equal j,,7,, --j, for the condi- 
tions (2); hence the elements of at least one column of 
every determinant are all zero. 

The group G thus contains n (q’ — 1) linearly independ- 
ent infinitesimal transformations, 


ain , ik tk ik 
6 — = La + + + Lig 


where a, = (t=1---n). 
k=1 

The finite equations of the transformations of G are then 

evidently 
= + Lig (t=1--n; k=1--q), 
where the determinants 
(4=1---n). 

Thus the group G breaks up into n sub-groups, those trans- 
formations in which 7 has a fixed value forming the linear 
homogeneous group, leaving the determinant D, invariant, 
i. e., the special linear homogeneous group in q variables. 
Since G breaks up into n invariant simple sub-groups, and 
since all the transformations of any one are commutative 
with all of any other one, @ is a so-called half-simple 
(halbeinfach) group. 

LEIPziGc, February 6, 1897. 


[The contents of §3 and §4 were presented February 
19th before the Groups-Seminar of Professor Lie, who 
stated that the interesting result of § 4 was new and not 
what one would have expected. ] 
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ON THE NUMBER OF ROOTS OF THE HYPER- 
GEOMETRIC SERIES BETWEEN 
ZERO AND ONE. 


BY MR. M. B. PORTER. 
(Read at the March Meeting of the Society, 1897. ) 


In 1890 Klein* published his solution of the problem of 
enumerating the roots of the Hypergeometric Series between 
0 and 1. 

His method depending on the conformal property of the 
Schwarzian s-function, finally turns on a discussion of the 
shape of the circular triangles on which the z-halfplane is 
mapped. 

Solutions by Hurwitz} and Gegenbauer{ appeared soon 
after, both depending on the determination of a chain of 
contiguous hypergeometric functions which could be em- 
ployed as a set of Sturmian functions. 

Klein’s method, while it makes use only of the differen- 
tial equation and yields the desired result in an exceedingly 
neat form, does not lead to this result so directly or natur- 
ally as certain methods of Sturm (Tom. 1, Liouville’s Jour- 
nal). 

It is the object of this paper to apply two well known 
theorems of the above mentioned memoir of Sturm to the 
solution of the problem in hand. 

The theorems referred to are: 

A. Let z, and z, be two regular singular points of the 
differential equation 

ay 
2) 9 (1) 
If there be no singular point between z, and z, and all the 


magnitudes involved be supposed real, the real roots of y, 
between z, and z,, y, being the solution corresponding to the 
larger exponent of z,, will move toward the point z,, if, for 
all values of z between z, and z,, ¢ (z, 2) decrease with the 
decrease (increase) of a; i. e., y, is gaining or at most not 
losing roots between z, and z,. 


* Math. Ann., vol. 37. 
t Math. Ann., vol. 38. 
t Wiener Sitzungsberichte, vol. 100**. 
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B. In the interval z, z,, between any two consecutive 
real roots of a solution of (1) lies one and but one root of 
a linearly independent solution. A more general form of 
this theorem is the following: If y, denote the solution cor- 
responding to the larger exponent of z, and z, the root in 
the interval z, x, nearest z,, any solution linearly inde- 
pendént of y, will have one root between each pair of con- 
secutive roots of y, and one root between z, and z,.* 

The singular points of the hypergeometric equation: 


are 0 oo 1 
the exponents, 0 a 0 
B 


the exponent-differences being 
A=y—1, yosa+f—y. 


The hypergeometric equation is reduced to the binomial 
form, 


ay 


4 y 


by the change of dependent variable 


y=yr ? ? 

The method to be explained serves primarily, as does the 
method used by Klein, to determine the number X of real 
roots of the solution corresponding to the larger exponent 
of z = 0 in the interval 0-1. The word root will always be 
used to denote a real root lying between 0 and 1. In the 
case where 4 < 0 the determination of the number of roots 
of the hypergeometric series which is then the solution cor- 
responding to the lesser exponent of z= 0 is effected by 
means of B. The treatment of the so-called exceptional 
cases is that of Klein but in the method here employed ap- 
pears as a special case of the general discussion. 


* These slightly generalized forms of Sturm’s theorems can be deduced 
from the analysis given by Sturm, for other proofs see Professor Bécher’s 
paper in the March BULLETIN. 


= 
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Since F(a, 3,7,2) = F (4, a7; x) 
there is no loss of generality in assuming 
Consequently 
On 77(1—2) 
Further, since 
F (a, 8, 7,2) =(1—2)" F(r—8,r—4,7,2) (2) 
F(y —8,r — 4,7, 2) 


has the same rootsas 7, x) 


<0,0<2<1. 


and as it satisfies a differential equation with the exponent 
differences 4, », —»; we may suppose v=, 0. 

By A., the solution y, (y,) corresponding to the larger 
exponent of z = 0 is gaining roots as » increases. Two cases 
present themselves:—I.4> 0, II.4< 0. 


I. 


4>0. Here 0 is the larger exponent and the corre- 
sponding solution is 


y= F(a, 8, 7,2) = 1442) 


? 
=aF(a, 
+b(1—2) +1,1—2) 
r(1 +2) 0(—») 
i+a—y 


where a 


b= Pl +») 
oe 2 ) 


2 


Since v > 0, it is obvious from the series itself that y can 
have no positive roots unless 8=(1+i4—y”++7) /2 <0. 
If then », starting with a value a little less than 1 + 4+», 
increase, # will decrease. For § = 0, —1, —2, etc., we get 
a series of polynomials of degree 0, 1, 2, ete. Whenever 3 


= 
= 
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passes through zero or a negative integer, 6 changes sign, 
I'(#) becoming infinite. Since » > 0, the sign of y for val- 
ues of xa little less than 1, depends only on 6 and there- 
fore only on If). When #=0,y=1, which has no 
vanishing point, however, immediately after @ decreases 
through 0, b changes sign and consequently y, changes 
sign; so that as y = 0 is gaining roots as » increases, an odd 
number of roots must have been gained immediately after 
£ passed through 0,—a sudden dropping of the whole curve 
y = F(a, 8, 7, 2) below the x-axis is impossible since y,.= 

There could have been a gain of but one root when £ de- 
creased through 0, for as # keeps on decreasing no roots are 


lost and when ? =—1, y = F(a, —1, 7, z) =1— ewhich 


has but one root. 
In the same way immediately after # decreases through 


— 1,6 changes sign and one root is gained for when f = — 2 
_ 2a 2a(a+1) 


which has not more than two roots. X, the number of 
roots, is, therefore, equal to the number of changes of sign 
of 6 as # decreases from a small positive value to the re- 
quired negative value, 7. ¢. 


Yarn 
which is the number of roots of 
F(a, 8, 7,2) = 0 when 4>0,»>0. 


I follow Klein in using E (n) to denote the largest posi- 
tive integer less than n, so that E (n) =Oifn=1. When 


v<0, by2. X= E(1—(y—2)) 


When 4 < 0,1 — 7 is the larger exponent of 0 and the 
corresponding solution is 


(A 


=2—*F(a’, 7’, 2) 


1—4,2) 
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The hypergeometric series F(a’, /’, 7’, z) satisfies a differ- 
ential equation whose exponent differences are — A, xz, », 
therefore, by I. it has XY = E(1 — f’) roots between 0 and 1 
if » > Oor if» <0 has X= E(1 — (7 — @’)) roots. 

All four results can be written in one formula 


‘) 


In case II. we have determined the number of roots of a 
solution linearly independent of the hypergeometric series. 
By B. F (a, 8, y, x) has when4 << 0 N= Xor X + 1 roots, 
the even or odd value of N being chosen according as y, =; 
is positive or negative. There are thus two cases. 

1°.¥> 0. Here, according as is>or < 0,1. ac- 
cording as 


X= E( 


ra+ajl 


<0 
the sign of y,_, is > or < 0. 


2°. v»<0. Here according as a is > or < 0, i. €., ac- 
cording as 


y.1, is > or < 0. 


Ifin 1° 6=0,i.¢,if(1 +4+ or 
is zero or a negative integer, the hypergeometric series 
ceases to be linearly independent of F(a, 3,2+8—y+1, 1—z) 
which when » >0 is the solution corresponding to the 
larger exponent of z=1; so that by B. in this case the 
hypergeometric series has X roots. For the same reason in 
2°, when a = 0, i. e., when or /2 
is zero or a negative integer the hypergeometric series has 
X roots. 


HARVARD UNIVERSITY, 
March 10, 1897. 
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ON MODULAR EQUATIONS. 
BY PROFESSOR JAMES PIERPONT. 
Read at the March Meeting of the Society, 1897.) 


The theory of the equations of transformation has been 
put in an entirely new light and very essentially improved 
by H. Weber’s paper “ Zur Theorie der Elliptischen Func- 
tionen.* His starting point is the solution of the equation 
for the division of the periods making a systematic use of 
the Galoisian theory of equations. From this standpoint 
it is not the modular equation 


U(v,u) =0 


with coefficients rational in u = ‘*“k that we are led to con- 
sider but the equation 


T (y, x) =0 


whose coefficients are rational in x = # and whose roots are 
the n + 1 values of 


i ( n A=p= 0 excluded 


Here for simplicity we take n = 2m + 1, an odd prime. 

Let us see how the coefficients of this equation can be 
calculated. As the roots of T differ from those of M only 
by the factor u-", the 7 equations could be derived from 
the modular equations M=0 on setting v= u"y. But the 
methods given to compute the modular equations compel 
us—as far as I have been able to consult the literature—to 
pass from our domain of rationality R (x) to that of R(u), 
and this from our standpoint is certainly objectionable un- 
less necessary. To show that this is not so is the first object 
of the present paper. Again, the methods given to calcu- 
late M=0 are made—as far as I know—to depend upon 
the transformation theory of Hermite’s function u= ¢(r). 
I propose to show as second object that we can calculate our 
T equation without leaving the #’s. A considerable sim- 
plification is thus obtained. But, having simplified the cal- 
culation of T so far, I have been tempted to go one step 
farther and show how we may arrive at Weber’s equations 


*Acta Mathematica, vol. 6, p. 329. Also his book Elliptische Func- 
tionen und Algebraische Zahien, Braunschweig, 1891. 


— 
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of transformation without the Galoisian Theory; this is my 
third object. In this way a tolerably simple and compact 
theory for calculating the 7’ equation is given. 

1. 


We show first how we may arrive at Weber’s Equations. 
The multiplication theorem for 


shu, chu, dnu 
tells us three things that are of importance here : 
1° the n’—1 quantities 


Lay = — = 


A4K + ptik’ 
n 


are roots of an equation 
P (x ; x) =z 0 
whose coefficients are rational in ~, 
2° the quantities 


are rational* in 7; , 


3° pu — 6, 


where 46, is a rational function independent of A, x. 
This last remark shows us that the roots of P= 0 can be 
arranged in the arrayf 


—2 


(A) 


For let g be a primitive congruence root of n, then 3° shows 
that if 


= 
then 
= argu = 9-02.45 = Ox etc. 


*We take from now on R(x) for domain of rationality. For a simple 
explanation of this term see my paper in the BULLETIN for December, 
1895, p. 81. 

+Cf. ABEL. Oeuvres, vol. I., p. 478. Sur une classe particuliére 
d’équations, etc. 


| 
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Let now ¢, be a rational symmetric fanction of the roots of 
the first row of A 
t, = == F(a.) 
where F is a rational function. On replacing here 2, by 
tip 


t_ goes over into quantities which we denote respectively by 


These are roots of an equation of degree n + 1 
W (t,x) =0 
whose coefficients lie in R(x). In fact if 
A 
mod n 
F (2,4) F (02,4) Fr” 
t= 0,0,1---n—1 
Hence 
1 
and thus 


is a symmetric function of the roots of P (z,x) = 0 and hence 
lies in R (x); hence etc. 

The equations W = 0 are Weber’s equations of transforma- 
tion. That our 7 equation belongs to this class is seen 
thus. We observed at the commencement of this paragraph 
that 

CD AN Wy, 


were rational in 2; , ; hence 
™ cn 
is a rational symmetric function of 


and hence of 


that is of the roots in the first row of A. 


| 
| = 
| 
Zio 
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2. 
Having shown that the n + 1 quantities 


dn 
p= 2.-.m 
a=0,1--n—1 
are roots of a rational equation 


we turn to the calculation of its coefficients. 
To arrive at our goal it is necessary to know 
(a2) a superior limit of x in 7 
(2) how to develop the roots of T into q-series. 


Having these facts, the coefficients may be obtained in 
either of the two ways indicated by Sohnke. * 
Let us consider (f) first. Setting as usual 


(0|t) 
8, (0|r) 
the transformation theory of the #’s gives us 


Vi = (VET, = 


n 


Vi= 


= VIG) 


(/k)" 


Hence extracting the square roots of these equations and 
setting for simplicity 


(3) 
we have 
(nr) 
(r) 
¢ (t+ 16a) 
y= + 


* Oreille, vol. 16, p. 97, Aequationes modulares pro transformatione 
fanctionum ellipticarum. 


- 

| 
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The sign of y, we get by observing that if r= r + is 


9,(v) 
and we have 
== lim J] —= 
a 
n?—1 
where r= (? 
Hence 


The sign of y, is at once obtained by observing that for 
T= 13, (0), %,(v) are real and positive when v is purely 


( 


The sign of the other roots we get by using the identity 
(4) T [y(2), = of” =0 

If we replace here 


Thus 


t by t+ 16a 
equation (3) shows that 
+ 16a) = 9() = 9(r) 
whence (4) becomes 


16a 


T(y,) *) = 0 


+ 


which shows that 
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is a root. As these are all distinct we have now our roots 
expressed as infinite g-products which may he converted 
into q-series either by multiplying and dividing out or by 
making use of the transformation theory of the #’s.* We 
find 

y2™(1 + 49q+ ag + 


(5) -y, = + + 


"n? —1 
f= 


3. 


We have now three different expressions for the roots of 
our JT equation from which we can at once draw some sim- 
ple conclusions regarding the coefficients f(x) of (2). In 
the first place the coefficient f,(x) must reduce to a mono- 
mnial, since roots of 

f(x) = 0 


are the infinities of the y’s and these, as we now can see, are 
infinite only at x= 0. We can thus write 0 in the 


form 
+ + + (x) = 0 


where 
+ a, \% + 


xs 


g = 


The developments (5) in connection with Newton’s for- 
mule 

9, + 

29, + 8,9, + 8, = 0 

39, + 3,9, + 8,9, + % = 0 
give us superior limits of the r’s. Consider first r,,,: Evi- 
dently 


and (5) shows that this requires that 


Consider now r,; we have 


*Sohnke Joc. cit. gives y(t) to the 26th power of q ; also the first 20 
powers of 9 are given. 


= 
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hence the order of g, forx=0 is that of s,, or since y, is 
finite that of 


But (5) shows that this sum is 


*[a > b, + b, rs 28+) + “| 
h=0,1--n—1 
As >«” is n or 0 according as p is or isnot =0 mod. n, we 
see that if », is the smallest positive root of 
8& + 1=0 mod. n 
the order of s, is 


n 


In regard to the other exponents this method affords only 
a superior limit.* The orders 


of 8, 
are found from (5) to he 
where 4»,+1=0 
n 
eee 8¥,+3=0 
4r—y, 
2¥.+1=0 mod. n 
n 
8», +5=0 


Where here » is the smallest positive root of its correspond- 
ing congruence. 

Newton’s formule show us that r, is not superior to the 
greater of the orders of s,,8,9, etc. In certain cases of fre- 
quent occurrence we need consider only the o’s. Thus sup- 
pose we had found that the orders of 


92 eee Ja 


* In 38 we shall see that r, is also determined viz: r, =r. 


| 
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were not greater respectively than 
Gq 
then the order of g,,, is not superior to ¢,,, if 


are not greater than ¢,,,, When the o’s have this property 
we say they form a regular sequence. 


4. 


Another important and very evident property of the T 
equation we get from the expression of the roots as quoti- 
ents of the elliptic functions as given by (1). In fact, for 
x = 1 we know the elliptic functions degenerate to exponen- 
tials and 

6 lim en(u,x) 
(6) «=o dn(u, z) 


if u is independent of x. With us the case is somewhat dif- 
ferent ; here 


44K+4nikK’ 
=p 


n 


is not independent of x and (6) does not always approach 1 
as a limit for then a,,,. could not be y = (—1)’ as we just 
found but would always be +1. It is easy to show* on 
passing to exponentials that 


n 
according as 
n—4iAp=O0 
Thus 
T(y,1) = (y—1) (y—(— 
5. 


We turn now to problem(c) viz., determine a superior limit} 
of xin T. By making use of the property that 7’ = 0 remains 


*Cf. A. ENNEPER : Elliptische Functionen, 2d Ed. 1890, p. 460. 
t We remark that a superior limit of « is given at once, for if 
S(w", 2") =0 
is irreducible, m is equal to the sum of the orders of the infinities for the 
whole z plane. For 7'= 0 this is precisely r. 


| 
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unaltered for certain substitutions we can go much farther 
and write down the literal part of T pretty closely. To do 
this we shall make use of the fact that the W equations are 
irreducible in R(x). From the Galoisian theory this is 
self-evident ; but we can show it here by making use of a 
principle Weber* has employed in another connection. 
In fact let 
Vit, x) 


be the irreducible factor of W(t, x) admitting ¢, as root. In 
the identity 


(7) 90 
replace t by 

(8) 
where 


(9) a=O0=1 b=c=0 mod.4 ad—be=1 


Such a substitution leaves the coefficients of V=0 unal- 
tered. Let us see how it affects ¢,. 
The theory of linear transformation of the #’s gives 
10 3 1 1 


a=0=1 b=c=0 mod 2 ad —be=1 


at —e 
(11) 

But if we restrict the a,b,c, of (11) to satisfy also (9), 
the exponential factor drops out of (10). If we now set 
in (10) 


n 
it gives 
%y,0(71) = 


The identity (7) after the substitution (8) becomes thus 
V[F (%,-»), x| = 0 


29+6=0, modn 
V (t., x) 0, 


or setting 


* Elliptische Functionen und Algebraische Zahlen, p. 221. 
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that is V (t,x) admits all the roots of W=Oand W is thus 
irreducible.* 
6. 


We can now show at once that 7 = 0 is unaltered for the 
substitution 


2 
(12) 
For if in the identity 


T[y.(=) =0 


we replace = by —— it goes over into 


ay 


But the theory of the linear transformation of the #’s gives 


Ya ; (p-= | 


p=1,2--m 


n 


if 162+1=0 mod n. 
Hence (13) becomes 


that is the equation 


of degree n + 1 has a root in common with the irreducible 
equation 
T(y,*) =0 


and is thus identical with it. 


*It is to be expressly remarked that this reasoning applies equally 
well to the domain formed by « and any constants a, 8,y... independent of rt. 


dn 4K—4ik 
= 
| =0 
=0 
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Let us see how this helps us to determine the literal part 
of T=0. Apply (12) to (2*) and make in the resulting 
equation the coefficient of y**' unity. The coefficients of the 
various powers of y in the two equations must be identical. 
This shows at once that the absolute term must reduce to a 
monomial and thus its form is definitely 

r 
= 
Let us look at the term 
“afr 


a = 
A, 


In the new equation it becomes 
+1—A 


As no denominator in g(x) can be of degree greater than r 
we have 
Also an41—A,r—p 
Tr +1—A 


Hence setting 


we see the exponents u« lie within the narrow interval de- 
fined by 


Pa 
For example for n = 11 we find by § 3 


The T equation thus has the form for n = 11, 


b d 
h+j etdx 
_b+axz 1 


y x4 


© 
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7. 


Still other relations between the coefficients we get on 
showing that 7=0 remains unaltered for the substitution 


(15) 

xr 
In fact in the identity 

(t), x (r)] =0 

Tt 
replace t by a it goes over into 
1 [7 =0 


Hence ete., as before. This shows that on applying (15) 
to 


Ay 


goes over into 


y 

in the new equation, where 
v=n(n+1—A) — 


ne—(n—A)r 
and hence the coefficient of ! ,is 
x 


For example for n = 11 this shows that 
—O=a —c=—h 


This permits us to write (14) in the more precise form 


T(y,1) = (y—1) 1)"=0 


|_| 

| 
| 
c— cx —e+t+ax cy ax 1 

As here 
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we see that 
a+b=10, c=44, —a+e=110 
f=165 g=132 


Thus to get all the coefficients of (16) it is necessary to 
find one only of the three quantities a, b, e. 


8. 


This we get by remarking another property of our T equa- 
tion. In fact we saw § 2 that for 0, = 72~™” while 
all the other roots were infinite. If then we replace in 
T= 0, y by y” all the roots of the resulting equation will 
be zero except one which will be 72”. This gives at once 


=f a,9= — 2” 
For n = 11 this gives a,,= — b = — 32 
hence, a= —22 b=32 e=88 and our equation as- 
sumes its final form 
— 22+ 32 22 + 88 165 
132 88 + 22 
44 32 — 22x 1 


For primes >11 we must have recourse to the method in- 
dicated by Sohnke and referred to §2, to obtain all the co- 
efficients. 


.9 


In conclusion let us look back and compare the T equa- 
tion with the usual modular equation. We observe that 
whereas the modular equation in the usual theory occupies 
a position apart requiring a separate treatment, the 7 equa- 
tion is only one of a great family of equations, the W equa- 
tions. If we deduct Arts. 1 and 5 which concern the ra- 
tionality of the coefficients and the irreducibility and which 
pertain to all the equations of. this class, we see the theory 
of our T equation reduces to very small dimensions. Fi- 
nally we pass fom T=0 to M=0 on setting y= 
These three counts seem to make it desirable to replace the 


| a 
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historical modular equation by the 7 equation which may 
be regarded as the modular equation suitably normed from 
our present standpoint. 

If we desire an equation whose roots like those of the 
modular equations remain finite for finite x, we should re- 
place the 7 equation by the equation U(z,x) = 0 generated 
by 


z, p= 1, 2-- m. 


cn n 


For n = 11 such an equation is got from (17) by replac- 
ing y by y’, we have then 
2? + (32 — 22x) +4427 2% + (88 + 22x) 22° + 165 
+132 2’—44(1—z) 2 P—165 x” (22 + 88 2 
— 442° 2+ (22 — 32x) = 0. 


The theory of these equations can, of course, be made in- 
dependent of the 7 equations. 


NEW HAVEN, CONN., 
March, 1897. 


CORRECTION. 


The following errata occur in the abstract of Professor 
Felix Klein’s Princeton Lecture ‘‘On the Stability of a 
Sleeping Top,”’ printed in the January number of the But- 
LETIN, pp. 129-132: 

At the bottom of page 130, read 


= 2(u—1) (n? + (Pu—h) (u+1)). 
In the middle of p. 131, read 
e+1 


On page 132, fifth line from the bottom, read n’ — 4 P in- 
stead of w — 4 P. 


| 


NOTES. 


A REGULAR meeting of the AMERICAN MATHEMATICAL So- 
ciETy was held in New York on Saturday afternoon, April 
24, at three o’clock, the Vice-President, Professor R. S. 
Woodward, in the chair. There were five members pres- 
ent. The Council announced the election of the following 
persons to membership in the Society: Mr. Coancy W. 
BovucuEr, Marion Normal College, Marion, Ind.; Dr. Liy- 
NEAUS WAYLAND Dow ine, University of Wisconsin, Madi- 
son, Wis.; Mr. Sotomon A. Jorre, Columbia University, 
New York, N. Y. Three nominations for membership 
were received. The following papers were read: 


(1) Dr. E. O. Loverr: ‘‘ Note on the invariants of n 
points.’’ 


(2) Professor H. B. Newson: ‘‘Continuous groups of 
circular transformations.”’ 


(3) Dr. L. E. Dickson: ‘‘ Systems of continuous and dis- 
continuous simple groups.”’ 


At the meeting of the Council held April 24, it was pro- 
posed that the New York meetings of the Society be held 
hereafter at intervals of two months. By providing for 
both morning and afternoon sessions at each meeting as 
much time would be allowed for the business of the So- 
ciety as at present. Action upon this proposition was de- 
ferred until the next meeting of the Council. 


Tue UNIVERSITY oF SumMER 1897. The fol- 
lowing mathematical courses will be offered:—By Profes- 
sor Moore: Abstract groups; Projective geometry.—By 
Professor Botza: Hyperelliptic functions; Advanced in- 
tegral calculus.—By Dr. Lovett: The geometry of Lie’s 
transformation-groups.—By Dr. Youne: ‘Conferences on 
mathematical pedagogy; ‘Determinants; Culture calculus; 
*Plane trigonometry.—By Mr. Siavent: Integral calcu- 
lus; College algebra. The courses are four or five hours 
weekly for twelve weeks from July 1, 1897; the two courses 
marked 1 are, however, only for the first six weeks, and the 
course marked 2 is ten hours weekly for the second six 
weeks. Those who expect to work in mathematics at the 
University of Chicago during the coming summer, as well 
as those who desire further information, are requested to 
communicate with Professor Moore. 


& 
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University oF GétTINGEN. The mathematical courses 
announced for the summer semester are the following:—By 
Professor ScHERING: Partial differential equations; Seminar 
in mathematical physics.—By Professor Vorct: Potential; 
Selected chapters of mechanics in the seminar.—By Profes- 
sor Kier1n: Introduction into the theory of differential 
equations; Seminar in mathematical physics.—By Professor 
Scour: Theoretical astronomy (second part) and theory 
of perturbations; Seminar in mathematical physics.—By 
Professor Hitsert: Algebraic theory of invariants with ap- 
plications to geometry; Theory of functions (second part); 
Exercises in theory of functions in seminar (with Professor 
).—By Professor ScHoENFLIEs: Determinants; Non- 
Euclidean geometry ; Mathematical proseminar.—By Dr. 
Bou~Mann: Analytical geometry; Mathematical exercises 
in insurance.—By Dr. Sommerretp: Differential calculus 
with exercises; Calculus of variations. 


University oF Lerpzic. The mathematical courses an- 
nounced for the summer semester are the following:—By 
Professor SCHEIBNER: On the variation of constants in 
problems of mechanics.—By Professor NeumMANN: Selected 
chapters of the theory of functions; Discussion of mathe- 
matical problems.—By Professor Lie: Introduction into 
analytical geometry; Differential equations with infini- 
tesimal transformations; Exercises in the mathematical 
seminar.—By Professor Mayer: Higher analytical me- 
chanics; Exercises in the mathematical seminar.—By Pro- 
fessor von OETTINGEN: Meteorology.—By Professor ENGEL: 
Applications of differential calculus to curves and surfaces; 
Mathematical seminar.—By Professor Drupe: Theory of 
heat.—By Dr. WieprEsure: Electrical oscillations.—By Dr. 
HavusporFF: Applications of differential calculus to nat- 
ural science—By Dr. Intrdduction to the 
mathematical treatment of questions in natural science. 


UnIversity oF Municu. The mathematical courses an- 
nounced for the summer semester are the following:— 
By Professor Baver: Algebra (theory of equations), con- 
tinuation; Mathematical seminar.—By Professor LinpDE- 
MANN: Analytical geometry of three dimensions; Theory 
of definite integrals and analytical representation of arbi- 
trary functions; Mathematical seminar.— By Professor 
PrincsHem™: Integral calculus; Exercises; Applications of 
differential caleulus to geometry.—By Professor GrArz: 
Mechanical theory of heat.—By Dr. Brunn: Elements of 
higher mathematics for students of all departments.—By 
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Dr. DénLEmMANN: Descriptive geometry (second part) ; Ex- 
ercises; Graphical statics ; Exercises—By Dr. von WEBER: 
Selected chapters of algebraic analysis; Elementary geom- 
etry; Determinants with applications—By Dr. Korn: 
Theory of potential; D’ Alembert and Lagrange. 
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OBENRAUCH (F. J.). Monge, der Begriinder der darstellenden Geometrie 
als Wissenchaft. Eine mathematisch-historische Studie. Theil III. 
Briinn, 1895. 8vo. 44 pp. MK. 2.00 
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ScHAEFER (H.). Methodischer Beitrag zur perspektivischen Geometrie 
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complexen Variabeln und deren Anwendung zur Auswerthung 
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ScHOncutT (L.). Ueber Kant’s mathematische Hypothese. Reichen- 
berg, 1896. S8vo. 52 pp. Mk. 1.80 


(R. H.). The calculus for engineersand physicists. Integration 
and differentiation, with applications to technical problems; with 
classified reference tables of integrals and methods of integration. 
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